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Introduction
Most regression models focus on explaining distributional aspects of one single outcome variable.
Modelling multiple outcome variables and their dependence structure have become very popular.
Examples:
• Medicine - Time to relapse of a disease and time of death
• Marketing - purchase of different products
• Actuarial sciences - age of death of husbands and wives (“widowhood effect”)
• Finance - understanding the relationship between some financial stocks (time series)
• Ecological community data - species display association with one another
• Alcohol research - quantity on a typical occasion and frequency of drinking
ê Alcohol consumption can be measure in two dimensions: the amounts consumed in a typical occa-
sion and the frequency of drinking (Casswell et al., 2016).
Alcohol consumption IAC study New Zealand data: The International Alcohol Control (IAC) study
is an international cohort study of alcohol use and alcohol policy relevant behaviours coordinated at
SHORE (Huckle et al., 2018). In 2011 a national stratified sample of households was surveyed in NZ:
• Alcohol consumption data were collected using a beverage- and location-specific measure in last 6
months
• For each place, they were asked how often they drank there and what they would drink on a typical
occasion at that location
• This information was used to calculate the outcomes:
Y1 : quantity on a typical occasion (standard drinks)
Y2 : frequency of drinking
• Covariate information: Gender, age, ethnicity, level of education, log equivalised income and
poverty line.
Figure 1: Quantity and frequency of drinking, Kendall’s tau = 0.12
• Some previous studies on the factors affecting quantity and frequency of alcohol consumption have
treated these two outcomes independently.
• We fit conditional copula-based regression models for explaining the joint distribution of the typical
amount and the frequency of alcohol consumption.
ê Copula-based regression models allow such an analysis since they enable the separation of the
marginal outcome distributions and the dependence structure modelled by a specific copula function.
ê We include socio-demographic factors not only in the marginal distributions through the mean and
the dispersion but also in the copula parameter allowing a direct modelling of the association and
flexibility in model specification.
Copulas
(See e.g. Mai & Scherer, 2012)
Suppose we have two continuous variables of interest Y1 and Y2 where
• Y1 ∼ F1(·) and Y2 ∼ F2(·), marginal distributions
• F (y1, y2) = Pr{Y1 ≤ y1, Y2 ≤ y2}, joint distribution of the pair (Y1, Y2)
• Then the joint cdf can be written as a copula function relating the marginal distributions as
F (y1, y2) = Cα(F1(y1), F2(y2)), α ∈ A
• The dependence parameter α measures the strength of association between Y1 and Y2
• The joint pdf is given by
f (y1, y2) = cα(F1(y1), F2(y2)) · f1(y1) · f2(y2)
Based on a specific copula Cα we can compute Kendall’s tau coefficient that is a measure of concor-




Cα(u1, u2)dCα(u1, u2)− 1
Conditional copula-based regression model
(See e.g. Nikoloulopoulos & Karlis, 2010, Klein & Kneib, 2016)
• Dependence parameter α is mostly treated as constant
• We would like to explain the association between outcomes not just the marginals
Suppose we have two outcomes of interest Y1 and Y2 given covariate information x where
• Y1|x ∼ F1(·|x) and Y2|x ∼ F2(·|x), conditional marginal distributions
• The conditional joint cdf can be written as a conditional copula function relating the conditional
marginal distributions as
F (y1, y2|x) = Cα(x) (F1(y1|x), F2(y2|x)|x)
• Copula parameter depends on covariates α(x) through an appropriate link function h(·) as in GLM
Suppose (yi1, yi2) independent realizations of (Y1, Y2), and covariate information xi, with i = 1, . . . , n.
Then we consider
• Y1|x ∼ F1(y1|µ1(x), σ1(x)), Y2|x ∼ F2(y2|µ2(x), σ2(x))
• (Y1, Y2)|x ∼ Cα(x) (F1(y1|x), F2(y2|x)|x)
and for j = 1, 2, linear predictors
• hj(µj(xi)) = βj0 + βj1x1i + βj2x2i + . . . + βjpxpi
• hσj(σj(xi)) = γj0 + γj1x1i + γj2x2i + . . . + γjpxpi
• h(α(xi)) = α0 + α1x1i + α2x2i + . . . + αpxpi
Application: Alcohol consumption IAC study NZ data
Marginals modelling:












, where µij(xi) = β′xi and σij(xi) = exp(γ′xi)
Copula model DIC Copula model DIC
Independent 4343.1 PVF† 4341.5
Gaussian 4346.5 Inverse Gaussian 4340.1
Clayton 4341.1 Frank 4357.1
Table 1: Model selection criterion
Modelling: Mean Dispersion Dependence
Y1 Y2 Y1 Y2 α
Effect Median SD Median SD Median SD Median SD Median SD
Intercept 0.865 0.028 2.877 0.025 -0.962 0.045 -0.675 0.042 0.417 0.391
Gender: Male vs Female 0.119 0.019 0.108 0.023 0.083 0.044 0.551 0.319
Poverty line: Under vs Over -0.046 0.067
Age -0.012 0.002 0.004 0.002 -0.015 0.004 0.035 0.022
Education: Low vs High 0.377 0.075
Medium vs High 0.169 0.038
Ethnicity: Maori vs NZ Euro 0.353 0.067 -0.155 0.079
Pacific vs NZ Euro 0.492 0.132 -0.547 0.147
Asian vs NZ Euro -0.280 0.089 -0.415 0.099
Log equivalised income 0.206 0.032 -0.301 0.059 -0.202 0.057 -0.761 0.466
Age × Under poverty line -0.012 0.005
Table 2: Parameter estimates, Inverse Gaussian copula model
Figure 2: Estimated Kendall’s tau between Quantity and Frequency by gender, age and income
ê Interpretation: Young women with high income: as they drink more frequently they also drink
more quantities. Older men with low income: quantity and frequency are almost independent.
Discussion and future work
• Overall, the association between quantity and frequency of drinking is not strong:
Kendall’s τ = 0.15 (95% CI:0.11− 0.19).
• Flexibility of models based on copulas: dependence structure and marginals distributions
Future work
• About the marginals (e.g. skew-normal, negative binomial distributions)
• A more efficient posterior computation (see e.g. Wichitaksorn et al. 2018)
• To include more countries members of the IAC study, e.g., Australia, Thailand, Vietnam, England,
Scotland, South Africa: ê Hierarchical model
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